We investigate quasinormal mode frequencies ω n of gravitinos and generic massive spin-3 2 fields in a Schwarzschild-AdS D background in spacetime dimension D > 3, in the black brane (large black hole) limit appropriate to many applications of the AdS/CFT correspondence. First, we find asymptotic formulas for ω n in the limit of large overtone number n. Asymptotically, ω n ≃ n ∆ω + O(ln n) + O(n 0 ), where ∆ω is a known constant, and here we compute the O(ln n) and O(n 0 ) corrections to the leading O(n) behavior. Then we compare to numerical calculations of exact quasinormal mode frequencies. Along the way, we also improve the reach and accuracy of an earlier, similar analysis of spin-1 2 fields.
I. INTRODUCTION AND RESULTS

A. Overview
The original application of gauge-gravity duality was to the conjectured equivalence of strongly-coupled large-N c N =4 super Yang Mills gauge theory with Type IIB supergravity in AdS 5 ×S 5 . For studies of the gauge theory at finite temperature, a black brane is introduced in the gravity theory, replacing AdS 5 by Schwarzschild-AdS 5 (hereafter SAdS 5 ). This theory is often used as a model to study strongly-coupled QCD-like quark-gluon plasmas. In gaugegravity duality, corrections of order 1/N 2 c in the large-N c field theory correspond to loop corrections in the gravity theory, and there is a beautiful and very general expression by Denef, Hartnoll, and Sachdev [1] that relate these to quasinormal mode frequencies of all the various fields in the gravity theory. 1 Their formula has been applied to a variety of examples in gauge-gravity duality but has yet to be fully implemented in the case of SAdS 5 . Though there has been a great deal of numerical and analytic work over the years on quasinormal modes of black holes, 2 there are a few relevant cases yet to be filled in. In particular, there has not been a complete analysis of quasinormal modes in SAdS 5 of all the different types of fields that arise in the compactification of type IIB supergravity from SAdS 5 × S 5 . It is our intention to fill in those missing cases. In this particular paper, we analyze the quasinormal mode frequencies ω n of the gravitino, and more generally of spin- 3 2 fields of any mass, in SAdS D for spacetime dimension D > 3. We will find analytic asymptotic formulas for large overtone number n (i.e. large |ω n |). For the specific case D=5, we will compare these results to accurate numerical calculations of exact quasinormal mode frequencies. The analysis will generalize recent work on the spin- 1 2 case [6] in SAdS D , which we will also improve upon. For large enough n, the asymptotic formula will have the schematic form ω n ≃ n ∆ω + A ln n + B + · · · , (1.1) where ∆ω is the asymptotically constant spacing between successive modes, and B depends logarithmically on the spatial momentum k parallel to the boundary. We will find ω n through O(n 0 ). We will also find a more general asymptotic formula whose validity extends to lower values of n than does the schematic form (1.1).
In the remainder of this introduction, we first very briefly review the form of the Dirac and Rarita-Schwinger equations for spin- fields in SAdS. Then we preview our results, presenting analytic formulas for asymptotic quasinormal mode frequencies together with a comparison to numerical results for exact quasinormal mode frequencies (see fig. 1 ). In section II, we then review and rederive earlier asymptotic results [6] for the spin- 1 2 case. This rederivation serves two purposes. First, some of the details of the derivation are different from ref. [6] and provide a simpler starting point for our generalization to the spin- 3 2 case. Second, the new derivation improves on the previous result, extending the range of validity from asymptotically large values of n to more moderate values of n, and also to the case of vanishing spatial momentum k (which was not covered by the result of ref. [6] ). With these preliminaries out of the way, section III generalizes the method in order to find asymptotic 1 For a discussion of larger O(λ 1/2 /N 2 c ) corrections, where λ is the 't Hooft coupling constant, see refs. [2, 3] . 2 For some modern reviews, see refs. [4, 5] .
results for the spin- 3 2 case. Finally, in section IV, we present our technique for numerical calculation of exact quasinormal mode frequencies in the spin- 3 2 case, and we present a more accurate test of asymptotic formulas vs. numerics.
B. Metric and Field Equations
We will use the form
for the SAdS D in D spacetime dimensions in the black brane (large black hole) limit. Here, L is the radius associated with the asymptotic AdS spacetime, and
3)
The boundary of AdS is at z = 0, the black hole horizon is at z = z h , and the singularity is at z = ∞. We will refer to the spacetime dimension of the boundary of SAdS
The relationship between z h and the Hawking temperature T is
For derivations in this paper, we will often adopt units where z h = 1. We will consider both spin- fermions, the equation of motion is the curved-space Dirac equation 
are anti-symmetrized products of Γ matrices. representation of the Γ matrices. 5 In [7] the massive spin 3/2 equation (1.6) is written using the epsilon symbol in a form specific to 4 spacetime dimensions, but the D-dimensional equation quoted in (1.6) can be easily inferred. A more general equation, allowing for a mass term of the type m ′ Ψ M to be added to (1.6) was considered in [8] [9] [10] . This was in part motivated by considering a Kaluza-Klein reduction of IIB supergravity on S 5 .
However, as shown by Kim, Romans and van Nieuwenhuizen [11] , in the lower dimensional theory the spin 3/2 fields are either the gravitino, with a specific non-zero mass (a consequence of a non-zero cosmological constant resulting from the reduction on A special case of interest will be the gravitino. In (S)AdS D , it has a non-zero mass m given by [7, 12] 
For this mass, the spin-
equation (1.6) in (S)AdS has a gauge symmetry [7, 12] , 8) where ǫ(x) is an arbitrary Dirac-spinor-valued function. We will study the gravitino in Γ M Ψ M =0 gauge. It will be useful for later to note that in this gauge, the equation of motion for the gravitino ghost is the Dirac equation (1.5) with mass
In applications of gauge-gravity duality, masses m of the spin-
and spin- 3 2 fields in the gravity theory are related by duality to conformal dimensions ∆ of spin- 1 2 and spin- 3 2 operators in the field theory by |mL| = ∆ − d 2 [14] . Throughout, we will adopt the convention that the mass m is non-negative. We will also focus on the case of non-zero m. In the case of Type IIB supersymmetry on (S)AdS 5 × S 5 , for example, all of the fermion fields have non-zero mass after compactification on the S 5 [11] .
C. Results For comparison, we first give the result for (retarded) quasinormal mode frequencies for spin- 1 2 particles in D > 3, which will be reviewed in section II:
Improved spin-
.
(1.12) 6 For results valid in a generic D-dimensional spacetime, see for example ref. [13] . However, we caution the reader that their conventions used in defining the spin connection and curvature are not the same as ours. 7 The ghost equation of motion is determined by the gauge transformation of the gauge constraint function:
See Appendix A for a more thorough discussion of the gauge and ghost degrees of freedom.
Above, k ≡ ±|k|, where k is the (d − 1)-dimensional spatial momentum and the sign ± is determined by the spin state of the fermion, in a way that will be stated precisely in section II. The above formula gives retarded quasi-normal mode frequencies in the lower-right quadrant of the complex frequency plane. The corresponding frequencies in the lower-left quadrant are given by ω = −ω * n (k → −k).
8
Note that the substitution indicated in (1.10) for ω/πT in the argument of the logarithm is just the leading O(n) result for ω n /πT . One could instead drop this substitution and solve (1.10) self-consistently for ω = ω n , but the difference would be O(n −1 ) and so beyond the order to which we have calculated. In any case, the substitution introduces a logarithmic dependence on n.
The k term in the argument of the logarithm in (1.10) dominates over the m term for large enough n (because a < 1−a). Specifically, for n ≫ (mLT /k) d−1 , the formula simplifies to
( 1.13) This is equivalent to the asymptotic formula that was found in ref. [6] . As we will discuss, the more complicated formula (1.10) has the advantage that it is accurate for a wider range of n when k is small and in particular handles the case k = 0.
2. Spin- There are three different branches of quasi-normal mode results for the spin-3/2 case, relative to the spin-1/2 case. As we will discuss later, there are d −3 transverse polarizations of Ψ M which each reduce to the Dirac case with mass m [16, 17] . These then have asymptotic quasinormal mode frequencies given by (1.10). There are also two other polarizations, for which we find
. (1.14b) 8 A few more technical notes: ±2πi ambiguities in the value of the logarithm in (1.10) may be absorbed into a redefinition of the overtone number n. The quasinormal modes here assume the typical gauge-gravity duality boundary condition that the field vanishes at the boundary, which implicitly requires m = 0. For a discussion of other boundary conditions and m = 0, see refs. [6, 15] .
Note that d = 3 (D = 4) is a special case for the logarithm in the first branch (1.14a), as there is then no dependence on k.
As mentioned earlier, the special case of the gravitino in AdS d+1 corresponds to a "mass" of mL = (d − 1)/2 in the spin- 3 2 equation of motion (1.6) . In this particular case, the second branch of non-transverse solutions (1.14b) is an unphysical artifact, and only the first branch (1.14a) and the d−3 transverse polarizations turn out to be physical. For the gravitino, the unphysical second-branch frequencies ω (2) n are the same as the frequencies of the gravitino ghost, which are those of a spin- 1 2 particle with mass (mL) ghost = (d + 1)/2. One may verify this identity from the asymptotic approximations (1.10) and (1.14b), but it is also true of the exact values of the frequencies. See Appendix A for a more thorough discussion of the cancellation between ghost and unphysical-branch quasinormal mode contributions in the gravitino partition function. Fig. 1 gives a first look at the comparison of our numerical results (described later) for exact quasi-normal mode frequencies and the asymptotic formulas (1.14) for D=5, mL = , and k = 0.3 πT and 2.3 πT . The asymptotic formula works well, and in the case of relatively small k works well even for low overtone number n.
3. Other cases of spin- In terms of analytic results, this paper focuses on the asymptotic behavior for large |ω n |. For the opposite limit of very small ω (and k), an analysis of the supersymmetric hydrodynamic mode associated with the gravitino may be found in refs. [16, 17] (see also ref. [18] ).
All of our results assume D > 3. The special case D = 3 corresponds to BanadosTeitelboim-Zanelli (BTZ) black holes [19] , for which exact analytic results are known for quasinormal mode frequencies. For a discussion of results in this case for arbitrary halfinteger spin, see ref. [20] .
See refs. [21] [22] [23] for a variety of analytic and numerical results for gravitino quasinormal modes of D=4 asymptotically-flat black holes. In contrast, our work here is for asymptotically-AdS black holes, relevant to gauge-gravity duality.
II. REVIEW AND IMPROVEMENT OF SPIN 1/2 ASYMPTOTIC RESULTS
In order to address the spin- 3 2 case, it will be useful to first review the spin-
case treated in ref. [6] . Here, we will give a treatment that is somewhat simplified compared to ref. [6] and which will be easier to generalize to the spin- 3 2 case. 9 In the process, we will also generalize earlier results to include the m dependence in the argument of the logarithm in the asymptotic result (1.10).
As reviewed in ref. [6] , the Dirac equation (1.5) may be rewritten as The open circles are precise numerical results, the small red filled circles show the asymptotic formula (1.10) for the transverse polarizations, the black ×'s show the asymptotic formula (1.14a) for the first branch of nontransverse solutions, and the blue +'s show the asymptotic formula (1.14b) for the second branch. The latter branch is unphysical for the particular case here since mL = 3 2 is the gravitino case in D=5, and we have checked numerically that the corresponding blue circles exactly match the quasi-normal modes of the gravitino ghost-a Dirac field with mass (mL) ghost = where the original field Ψ has been rescaled as
and the γ m are flat-spacetime γ matrices with {γ m , γ n } = 2η mn . From now on, we will refer to γ z as "γ 5 ," just because we find that notation more evocative, but our analysis will nonetheless apply generally to arbitrary dimension D > 3.
Throughout this paper, our convention for labels for coordinate indices will be that capital letters M, N, · · · refer to the D curved spacetime dimensions in SAdS D ; Greek letters µ, ν, · · · refer to the d = D−1 spacetime dimensions parallel to the boundary; the lowercase letters i, j refer to the d−1 spatial dimensions parallel to the boundary; and lower-case letters m, n, · · · from roughly the second half of the alphabet refer to the D flat spacetime coordinates of a vielbein, such as appears in the expression γ m above. Multiplying (2.1) by −γ 5 √ −g tt , and using the explicit metric (1.2), we will write the
where
We will find it convenient to work in a particular basis for the γ matrices where
where we define
We henceforth focus on eigenstates of k · σ, so that
We define (retarded) quasinormal mode solutions to be solutions that simultaneously (i) vanish at the boundary (z=0) of SAdS and (ii) are purely infalling at the horizon.
To find the asymptotic quasinormal mode frequencies, we follow ref. [6] and use the Stokes line method nicely reviewed in ref. [24] . Start by taking the naive large-ω limit of (2.3), which is
9)
10 For readers comparing to the earlier spin-1 2 analysis in ref. [6] : the choice of basis here is that same as the one in that paper's section III but different from the one in its section II. Note also that the η (±) of (2.10) are eigenvectors of γ 5 γ 0 , whereas the notation ψ ± in ref. [6] was used for the components corresponding to eigenvectors of γ 5 .
with solution
Here η is a constant Dirac spinor, η (+) + η (−) is its decomposition into spinors η (±) with definite values ± of γ 5 γ 0 = τ 3 , and r * is the tortoise coordinate defined by
As shown, the solution (2.10) has components that behave as exp(∓iωr * ). In order to avoid having one of these component become exponentially small, and so get lost in the approximation error of the other component, we perform WKB by following Stokes lines, defined by Im(ωr * ) = 0 in the complex z plane. For asymptotic quasinormal mode frequencies, the relevant Stokes lines are depicted qualitatively in fig. 2 in the complex r plane, where r ≡ L 2 /z. To connect the quasinormal mode condition at the boundary of SAdS with the condition at the horizon, we follow the Stokes lines from the boundary at z=0 to the singularity at z=∞ and from there to the horizon at z=z h . The WKB solution (2.10) is not valid very close to the boundary or to the singularity (where the m and/or k terms in the Dirac equation become important even for large ω), and so one has to separately solve the Dirac equation in those limiting cases in order to match to the WKB solutions. Far away from the boundary and the singularity, we will refer to the large-ω WKB solutions (2.10) along the positive and negative ωr * Stokes lines as ωr * <0 must vanish in (2.12b). Along the positive ωr * Stokes line of the figure, the WKB solution will need both e −iωr * and e +iωr * components in order for Ψ to be able to satisfy the other quasi-normal mode condition that it vanish at the boundary z=0 of SAdS. The only way both conditions can be satisfied is for the matching near the singularity to mix e −iωr * and e +iωr * components as one moves from the positive ωr * Stokes lines to the negative one. Since the naive solution (2.10) is exact if k = m = 0, such mixing can only occur if we study the effect of k and m on the solution near the singularity.
In order to study solutions more general than the naive approximation (2.10), it will be convenient to elevate the η in this solution to a function of z. Plugging (2.10) into (2.3) then recasts the Dirac equation as 13) or equivalently (The spiral into the horizon shown above crosses a cut in the definition of r * emanating from r = r h , and the curve spirals onto higher and higher Riemann sheets.) Given our retarded convention for ω, this figure is the complex conjugate of similar diagrams in refs. [24, 25] .
A. Behavior near the singularity
Following ref. [6] , we will match WKB solutions between the positive and negative ωr * Stokes lines of fig. 2 by working in a region that is close enough to the singularity that we may make large-z (small-r) approximations, but far enough from the singularity that the k and m terms in the Dirac equation cause only small perturbations to the naive large-ω solution (2.10). (See ref. [6] for a detailed justification, which requires D > 3.) Working in units where z h = 1 and using the near-singularity approximations In earlier work [6] we dropped them/z term compared to the k term, but now we will keep it in order to improve the approximation. (As we will discuss later, this improvement will extend the validity of our asymptotic formula to a wider range of overtone numbers n when |k| ≪m
In order to treat k andm perturbatively, write
whereη is constant, and expand to first order in δη, k andm:
Near the singularity, z is related to r * by
and so
The result of the r * integration in (2.20) is then
where a is defined by (1.12) and Γ(a, z) is the incomplete Γ function defined by
Now splitη intoη (+) +η (−) and note that τ 1η (±) and τ 2η (±) have τ 3 = ∓. So
In order to match these solutions to WKB expressions along the Stokes lines, we need the asymptotic expansions for |ωr * | ≫ 1. The usual formula for the asymptotic expansion of the incomplete Gamma function is along the positive ωr * Stokes line. Since a−1 and −a are negative, these factors and the corresponding δη (2.25) vanish as ωr * becomes large, and so η →η. If the same were true along the negative ωr * line, then the matching near the singularity would be trivial, with η ωr * >0 = η ωr * <0 in (2.12). If that were true, there could be no solution satisfying the boundary conditions required of a quasinormal mode. The loophole is that the formula (2.26) does not apply to all the terms of (2.25) along the negative ωr * Stokes line. The phase change in r in moving from the positive to the negative ωr * Stokes line in fig. 2 is e iπ/(d−1) , corresponding to a phase change in ωr * of e iπ . The phase of 2iωr * is then e i3π/2 , which violates the condition on the argument z in (2.26) for the case of Γ(α, 2iωr * ). We can bring the argument back within the range of validity if we use the monodromy of the incomplete Γ function, which is
For our purposes, the differences between the positive ωr * and negative ωr * formulas for the asymptotic expansion can be usefully summarized as
where θ is the step function. Applying (2.30) to (2.25), and remembering that η =η + δη, gives us the relationship between the WKB solutions (2.12) along the positive and negative ωr * Stokes lines (to first order in k and m):
This may be rewritten in the form
where λ and Λ are defined as in (1.11), and the temperature T is given by (1.4) .
B. Behavior near the boundary
Near the boundary (z = 0), the SAdS Dirac equation becomes that of pure AdS, corresponding to replacing f by 1 in (2.3). In our basis (2.5), the solution which vanishes at the boundary is
where Ω 2 ≡ ω 2 − |k| 2 . We're interested in the limit of large |ω| ≫ |k|. We're also interested in the asymptotic expansion of this solution away from the boundary (i.e. ωz ≫ 1) in order to match to the WKB solution (2.12a) along the positive ωr * Stokes line. These further approximations then give The second term in the last expression is the same asymptotic formula that we would get for Γ(α, 2iωr * ) in the case of positive ωr * .
For small z, the relationship between z and the tortoise coordinate (2.11) is
where 
C. Putting it together
The horizon condition for the quasi-normal modes is that η for the WKB coefficients on the positive ωr * line. In terms of components,
Using the explicit expression (2.38) derived from matching the solution along that line to the desired behavior at the boundary z=0 then gives
This condition is satisfied when
for some integer n. Treating n as large, solving for ω through O(n 0 ), and using the explicit expression (2.36) for r * 0 , gives the result (1.10) previewed in the introduction.
D. Range of validity
The perturbative treatment of k and m near the singularity assumed that the k and m mixing coefficients in (2.32) were small. Parametrically, that's k/T (ω/T ) a ≪ 1 and m (ω/πT ) 1−a ≪ 1.
(2.44)
In terms of the parameter n ∼ |ω n |/T of our asymptotic formula (1.10), those conditions are equivalent to quasinormal modes, we did not include the mass term in the argument of the logarithm in our result (1.10). The assumption that the k term dominates the m term in the argument of the logarithm requires the additional condition that
which for D=5 is n ≫ (mT /|k|) 3 . Including the mass term in the logarithm therefore extends the range of validity of our result in those cases where the second condition in (2.45) is more important than the first-that is, in cases where
(e.g. |k|/T ≪m 1/2 in D=5).
III. SPIN 3 2
A. Basic equations
We now turn to the spin- 
If m is not the gravitino mass (1.7), one can show that, in an Einstein spacetime (such as SAdS), this equation implies that
If m is the gravitino mass, then there is a gauge symmetry (1.8), and one may (i) choose Γ M Ψ M = 0 as a gauge condition and (ii) show that the equation of motion then implies
In consequence, we will assume (3.2) in all cases. These conditions allow one to rewrite the equation of motion (3.1) as
supplemented by the constraint that one only keep solutions to (3.3) that have Γ M Ψ M = 0.
13
Note that (3.3) differs from the Dirac equation (1.5) because the covariant derivative in (3.3) contains a Christoffel term that operates on the vector index N of Ψ N . There are any number of different conventions one might now use to rescale Ψ in order to write out convenient explicit equations in terms of components. We choose the following generalization of the rescaling (2.2) that we used in the Dirac case:
where M is a curved-space index, m is a flat-space index, and e 
and
Here and throughout, i = 1, · · · , d − 1 runs over the spatial dimensions parallel to the boundary, "ψ 5 " is our generic notation for the component ψ z , and D 1/2 is the same differential operator (2.3b) as in the spin- 1 2 case. We are only interested in solutions to (3.5) which satisfy the constraint Γ M Ψ M = 0, which is equivalent to γ m ψ m = 0. We may use this to determine k · ψ in terms of Ψ 0 and Ψ 5 as
where the first equality follows from the equation of motion (3.5c) and the explicit form of D 1/2 , and the second equality follows from the constraint γ m ψ m = 0.
13 D M Ψ M = 0 can be shown to follow for any solution of (3.3) that satisfies Γ M Ψ M = 0. 14 One can get the same equations from (25-27) of Policastro [16] by (i) switching coordinates from his u to our z, which are related by u = z 2 (in our working units, where z h = 1); (ii) rewriting his ψ n as our z d/2 f −1/4 ψ n (with d=4) and (iii) switching the mass sign convention, replacing his mR by our −m. Note that there is no transformation associated with the subscript on ψ m in going from u to z because it is a flat-space index.
B. "Transverse" solutions
There are two types of solutions to these equations satisfying the constraint. We describe here the first type, which are characterized by ψ 5 = 0. We will call such solutions "transverse" polarizations. As noted previously by others [16, 17] , and as we review below, these modes decouple and satisfy a simple Dirac equation. We will see below that they exist only for D > 4.
From ψ 5 =0, it follows by (3.5b) that ψ 0 =0 and thence by (3.6) that k·ψ = 0 as well. That means that ψ m is zero except for the subset of indices m corresponding to the D−3 spatial directions parallel to the boundary but transverse to k. For simplicity of presentation, we will focus on the explicit case D=5 but will state the generalization to larger D at the end. For D=5, take k to point in the x 3 direction. Then, for the transverse solutions under consideration, ψ m is zero except for ψ 1 and ψ 2 . By the γ-traceless condition, they must be related by
Since ψ 5 = 0, the equation of motion (3.5c) for both ψ 1 and ψ 2 is simply the Dirac equation 
C. Setup for finding non-transverse solutions
With the transverse modes out of the way, we will focus exclusively on non-transverse (ψ 5 = 0) modes in what follows. Because ψ 0 and ψ 5 by themselves satisfy a closed set of equations of motion (3.5a,b), we may ignore what the other components ψ i are doing if our goal is just to find the quasinormal frequencies ω n .
15 15 This argument leaves the question of whether all such solutions for ψ 0 and ψ 5 may be extended to solutions for the other components ψ i such that the constraint γ m ψ m = 0 is satisfied. Consider D=5 for concreteness, but the argument generalizes to all D > 3. Enforcing γ m ψ m = 0, (3.6) may be used to explicitly determine γ i ⊥ ψ i ⊥ = γ 1 ψ 1 + γ 2 ψ 2 in terms of ψ 0 and ψ 5 . One may then verify that this result for γ 1 ψ 1 + γ 2 ψ 2 is compatible with the equations of motion for ψ 1 and ψ 2 , and so all is well. In the quasinormal mode problem, the transverse and non-transverse modes have different frequencies, and so ψ 1 and ψ 2 may individually be uniquely determined by combining the result for γ 1 ψ 1 + γ 2 ψ 2 with the condition γ 1 ψ 1 − γ 2 ψ 2 = 0 that no transverse component is present.
The naive large-ω limit of the (ψ 0 , ψ 5 ) equations of motion (3.5a,b) is 10) which is the analog to eq. (2.9) from the spin-
analysis. The corresponding solution is
where η and χ are arbitrary constant spinors. 16 By convention, we will choose the lower limit on the integrals in (3.11) to be zero, i.e.
Similar to our treatment of the spin-
case, we now promote η and χ to functions of z. Plugging (3.11) into (3.5a,b) then recasts the exact equations of motion to
which may also be written as
D. Behavior near the singularity
Near the singularity, we approximate f by −z d as in the spin-
case. Then (3.14) becomes
Now treat k andm as perturbations; take 17) expand to first order in small quantities; and integrate the resulting equations for δη and δχ to get
Using (1.12), (2.22), and (2.24), the integration gives
Using the monodromy relation (2.30),
This can be rewritten as
with λ and Λ defined as in (1.11),
24)
17 There is a slight difference between the situation here and in the spin-1 2 case. In the spin-1 2 case, the result (2.25) for δη approached zero in the limit of large positive ωr * . This is not true for the Γ(a+1, · · · ) and Γ(2−a, · · · ) terms in (3.20) because a+1 and 2−a exceed 1 [see (2.26) ]. These terms (along with the others) account for the O(k/ω) and O(m/ω) corrections that were ignored in the WKB solution (3.11). We could tediously keep track of those corrections, and check the matching of (3.20) to an improved WKB solution, but this is unnecessary since all we care about is the difference of the asymptotic formulas along the positive and negative ωr * lines, which is captured by (3.22) . 
(3.25)
In general, we will use undertildes to denote 2 × 2 matrices that act on the space of (χ, η). It's now convenient to simplify using the definition (1.12) of a and furthermore to rescale the field χ as
The only difference between (3.27) and the corresponding spin-
formula (2.32) is the inclusion of the matrix factorsM andN .
E. Behavior near the boundary
The desired solutions near the boundary, adapted from ref. [26] , are
where ξ 0 and ξ 5 are constant spinors that are γ 5 = +1 eigenstates of γ 5 , and Ω ≡ −k µ k µ . Taking the large ω limit (with k fixed) replaces Ω by ω above. In our representation (2.5) for the γ matrices, we may write
in the space that the τ matrices act on, where C 0 and C 5 are simple numbers. Taking the asymptotic expansion ωz ≫ 1 of (3.30), one then finds Note that we have been slightly inconsistent: We have kept the leading terms for ωz ≫ 1 that are proportional to C 0 and C 5 . However, in (3.32a), the next-order term proportional to C 5 would seemingly be the same order in 1/ωz as the leading term proportional to C 0 . However, this will not be an issue in what follows. We now want to match to the WKB solution (3.11), which near the boundary becomes
33a)
Here again, we are being slightly inconsistent: Corrections to the approximation (3.11) due to the effects ofm, which were ignored in that equation, could give O(m/z) corrections to the η term in (3.33a), which could be parametrically the same size as the 2χ/z term. These corrections are related to the C 5 /ωz corrections we ignored in (3.32a), and we sweep them under the rug here as well.
Comparison of (3.33) with (3.32) identifies 
F. Putting it together
The horizon condition for the quasi-normal modes, that there be no e +iωr * components at the horizon, requires η (−) and χ (−) to vanish along the ωr * < 0 Stokes line. From (3.27), this condition gives
In terms of components,
Eqs. (3.34) and (3.36) then give
The quasinormal mode condition is then that
have an eigenvalue equal to 1. The eigenvectors are
and the corresponding conditions are
respectively. This is just the spin- results of (1.14a) and (1.14b), respectively.
IV. NUMERICS
We would like to compare our analytic asymptotic formulas for quasinormal mode frequencies to precise numerical results. For numerics, we will generalize the method used for the spin- 1 2 case in ref. [6] , which in turn was inspired by methods used by others. We make no claim as to whether our method is the most efficient, but it gets the job done. 19 Here we will focus only on the non-transverse modes, since the transverse ones are described by the Dirac equation and so can be treated numerically by the exact same procedure as ref. [6] . We will start out with a general discussion but will later specialize to the case of D=5.
That is, the condition for quasinormal modes is H(0) = 0. Substituting (4.12) into (4.8), the equation for H is
To implement the correct infalling boundary condition at the horizon, we require V + to be regular at the horizon, which will ensure via (3.11) that the corresponding components of ψ 0 and ψ 5 behave like e −iωr * at the horizon and not e +iωr * . 21 So, we take V + to have a power series solution around z = z h . Working in units where z h = 1,
By plugging this series into the equation of motion (4.13), we find a linear recursion relation for the coefficients a n of the form jmax j=0 α −j (n) a n−j = 0, (4.15) with the understanding that a n vanishes for negative n. For D=5, (4.15) is a 9-term recursion relation (j max =8) with explicit coefficients given in appendix B. For D=4, it is a 7-term recursion relation, also given in the appendix. The α −j (n) above depend on ω, k, andm. Solutions exist for arbitrary values of a 0 , to which the other coefficients are then linearly related by (4.15) . Define A n by writing a n = A n a 0 .
(4.16) Then A n satisfies the same recursion relation (4.15) that a n does, A quasinormal mode solution corresponds to H(1) = 0 for some value of a 0 . The existence of such an a 0 is equivalent to the condition that det H (1) = 0.
(4.20)
Our strategy for numerics is to use the recursion relation (4.17) and series (4.19) , cut off at some suitably high order n max , to compute det H (1) for a given choice of ω (and fixed k and m). We then scan the complex ω plane to find the quasinormal frequencies, corresponding to the zeros of det H (1). All calculations are carried out with very high precision arithmetic, with the precision and n max increased as necessary to achieve numerical stability and the desired numerical accuracy.
C. Numerical test of asymptotic formulas
We have already shown a comparison of numerical results to asymptotic formulas for quasinormal mode frequencies in fig. 1 . In order to perform a more precise comparison, it is useful to focus on the offset δ from the leading O(n) asymptotic formula, defined by δ n ≡ ω n ∆ω ∞ − n = ω n (2 − 2i)πT − n (4.21)
for D=5, where ∆ω ∞ is the n→∞ spacing between consecutive modes on a given branch. Here we will focus on quasinormal mode frequencies in the right-half complex ω plane. For the first branch of non-transverse quasinormal mode solutions, fig. 3 shows data points for δ n from numerics, plotted against dashed lines showing the asymptotic results taken from (1.14a). The asymptotic formula works very well at large n. The dotted lines in fig. 3 indicate what happens if one were to drop them terms in the argument of the logarithm in the asymptotic formula (1.14a). We see that including these terms has significantly improved the accuracy for small k and moderate n. 
Note that this is a 9-term recursion relation, whereas the spin- 
